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In this paper, we prove some common fixed point theorem for four and six mappings on fuzzy 2-
metric spaces by using implicit relations. Our result is an extension of existing results in fuzzy

2-metric spaces.
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INTRODUCTION

The fuzzy metric space was introduced by
Kramosil and Michalek in 1975. Grabiec (1988)
proved the contraction principle in fuzzy metric
spaces in 1988. Moreover, George and
Veeramani (1994) modified the notion of fuzzy
metric spaces with the help of t-norms in 1994.
Gahler (1983) investigated 2-metric spaces in a
series of his papers. Sharma investigated, for the
first time, contraction type mappings in 2-metric
spaces. Many authors have studied common
fixed point theorems in fuzzy metric spaces.
Some of interesting papers are Cho (1997),
George and Veeramani (1994), Grabiec (1988),
Kramosil and Michalek and Sharma. Cho (2006)
proved a common fixed point theorem for four
mappings in fuzzy metric spaces and Sharma
proved a common fixed point theorem for three
mappings in fuzzy 2-metric spaces. In this paper

we prove a common fixed point theorem for six
mappings in fuzzy 2-metric spaces by using
implicit relation. Our theorem is an extension of
results proved in fuzzy 2-metric spaces.

PRELIMINARIES

Definition 2.1: A triangular norm (t norm)* is a
binary operation on the unit interval [0; 1] such
thatforall a; b; c; d e [0; 1] the following conditions
are satisfied:

(Hha*1=a
(2)a*b=b*a
(3)a*b<c*d;whenevera<cand b<d
4)a*(b*c)=(@a*b)*c

Definition 2.2: The 3- tuple (X;M; *) is called a

fuzzy 2- metric space if X is an arbitrary set, * is
a continuous t norm and M is a fuzzy set in X3 x
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[0; «0) satisfying the following conditions: for all x;
y;Z;ue Xand t1;12;t3>0

1. M(x;y;z;0)=0

2. M(x;y; z;t)=1;t>0 and when at least two of
the three points are equal.

3. M(x; y; z; 1) = M(x; z; y; t) = M(y; z; x; t)
(Symmetry about three variables)

4. M(x, y, z, t +t+t,) €” M(x,y, z, t,)* M(x,y, z,
t,)* M(x, y, z, t,) (This corresponds to
tetrahedron inequality in 2- metric space) The
function value M(x; y; z; t) may be interpreted
as the probability that the area of triangle is

less than t:
5. M(x;y; z;.) : [0; ) — [0; 1] is left continuous.

Example 2.3: Let (X; d) be a 2-metric space and

denote a *b =ab for all a; b € [0; 1]. For each h;

m; n € R+ and Vt > 0; define M(x; y; z; t) =
ht"

ht" +md(x,y,z) "

Then (X; M; *) is a fuzzy

2-metric space.

Example 2.4: Let X be the set {1, 2, 3, 4} with 2-
metric d is defined by

d(x,y,z)
0, ifx=y,y=z,z=xand{x,y,z}={1,2,3}

— otherwise

2

foreach t e [0;o), definea *b * ¢ =abc and

M(x,y,z,t)
0 ift=0
= t

——  ift>0wherex,y,ze X
t+d(x,y,z) i/ Y

Then (X; M; *) is a fuzzy 2-metric space.

Definition 2.5: A sequence {x } in a fuzzy 2-
metric space (X; M; *) is said to converge to
xin X if and only if lim__ M(x , x, a, t) = 1; for all
aeXandt>0.

Definition 2.6: Let (X;M; *) be a fuzzy 2-metric
space. Asequence {x }is called cauchy sequence
if and only if lim M (x ;X ;a;t)=1;foralla e
Xandp>0;t>0.

Definition 2.7: A fuzzy 2- metric space (X; M; *)
is said to be complete if and only if every cauchy
sequence in X is convergent in X.

Definition 2.8: Self mapping S and T of a fuzzy
2-metric space (X; M; *) are said to weakly
commuting if M(STx; TSx; z; t) > M(Sx; Tx; t); for
each x e Xand t>0.

Definition 2.9: Self mapping S and T of a fuzzy
2-metric space (X; M; *) are said to be compatible
if lim__ M(STx ; TSx ; z;t) =1V t> 0 whenever
{x,}is a sequence in X such that Tx ; Sx_ — x for
some x in X as n — oo.

FIXED POINT THEOREMS IN
FUZZY 2-METRIC SPACE

Definition 2.10: Suppose S and T be self
mappings of a fuzzy 2-metric space (X; M; *). A
point xin X is called a coincidence point of S and
Tif and only if Sx = Tx, then w= Sx = Tx s called
a point of coincidence of Sand T.

Definition 2.11: Let X be a set, f; g are self maps
of X.Apoint xin X is called coincidence point of f
and g if and only if fx = gx. We shall call w = fx =
gx a point of coincidence of f and g:

Definition 2.12. Self maps S and T of a fuzzy 2-metric
space (X; M; *) are said to be weakly compatible if
they commute at their coincidence points thatis Sx =
Tx for some x € Xthen STx=TSx:

Definition 2.13. Self maps S and T of a fuzzy 2-

This article can be downloaded from http://www.ijerst.com/currentissue.php

31



Int. J. Engg. Res. & Sci. & Tech. 2014

R Krishnakumar and P Parakath Nisha Bagam, 2014

metric space (X; M; *) are said to be occasionally
weakly compatible (owc) if and only if there is a
point x in X which is coincidence pointof Sand T
at which they commute.

Lemma 2.14: Let X be a set, f; g owc self maps
of X. If fand g have a unique point of coincidence,
w = fx = gx; then w is the unique common fixed
point of fand g.

IMPLICIT RELATION

Let {®} be the set of all real continuous function
¢ : (R+)® > R* satisfying the following condition
¢ (u; u; v;v;u;u)>0imply u>vforallu;v>[0; 1]:
Theorem 3.1: Let (X; M; *) be a fuzzy 2-metric
space with * continuous t—norm. Let A;B be two
self mappings of X satisfying

1. The pair (A; S) be owc.

2. For some ¢ € ® and for all x; y; z € X and

everyt>0
¢ {M(AX; Ay; z; t);M(AX; Sy; z; t);M(Ax; Sx; z; 1),
M(Ay; Sy; z;1); M(Ay; Sx; z; t); M(Sx; Sy; z; 1) 20.

then there exist a unique point w € X such that
Aw = Sw = w. Moreover w is a unigue common
fixed pointof Aand S.

Proof: Let the pair {A; S} be owc . So there are
points Xx; y; z € X such that Ax = Sx. We claim
that Ax =Ay. If not, by inequality (2),

¢ {M(AX; Ay; z; t);M(AX; Ay; z; t);M(AX; AX; Z; t);
M(Ay; Ay; z; t);M(Ay; Ax; z; t);M(Ax; Ay; z; 1) >0
¢ {M(AX; Ay; z; t);M(Ax; Ay; z; 1); 1; 1;M(Ay; Ax; z;
t);M(AX; Ay; z; t) > 0.
¢ {M(AX; Ay; z; 1); M(AX; Ay; z; t); 1; 1; M(AX; Ay; z;
t); M(Ax; Ay; z; t) > 0.

In view of ® we get Ax = Ay. That is Ax = Sx =
Ay = Sy.

Suppose that there is another point w € X
such that Aw = Sw then by (1) we have Aw = Sw
= By = Ty. So Ax = Aw and w = Ax = Sx is the
unique point of coincidence of A and S:
By lemma (2.14), w is a common fixed point of A
and S.

To prove the uniqueness: Let w1; w2 be two
common fixed points of Aand S. Assume that w,
= W,

d(M(Aw,; Aw,; z; t); M(Aw ;Aw,;
M(Aw ;Aw; Z; t);

z; t);

M(Aw,; Aw,; Z; t); M(Aw,; Aw,; Z; t); M(Aw,; Aw,;
z; 1)>0

PM(w,; w,; z; t); Mw,; w,; z; t); M(w,; w,; Z; t);

M(w,; w,; z; t); M(w,; w,; Z; t); M(w,; w,; z; )0

¢ (M(w,; w,; z; t)iM (w; w,; Z; t); 15 1, M (w,;
w,; z; t); M(w,; w,; z; £)>0.

Therefore we getw, = w,,

Theorem 3.2: Let (X; M; *) be a fuzzy 2-metric
space with * continuous t—-norm. LetA; B; S; T be
four self mappings of X satisfying

1. The pairs (A; S) and (B; T) be owc.

2. For some ¢ € ® and for all x; y; z € X and
every t > 0; ¢ (M(Ax; By; z; t); M(Sx; Ty; z; t);

M(Sx; Ax; z; 1));
M(Ty;By; z; t); M(AX; Ty; z; t); M(Sx;By; z; 1)>0.

then there exist a unique point w € X such that
Aw = Sw = w and a unique point z € X such that
Bz = Tz = z. Moreover z = w, so that there is a
unique common fixed pointof A;B; Sand T.

Proof: Let the pairs {A; S} and {B; T} be owc. So
there are points x; y; z € X such thatAx = Sx and
By =Ty. We claim thatAx = By. If not, by inequality
(2),

#{M(AX; By; z; t);M(Sx; Ty; z; t); M(Sx; Ax; z; t);
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M(Ty; By; z; t);M(AX; Ty; z; t);M(Sx;By; z; t)}1=0
#{M(AX; By; z; 1); M(Ax;BY; z; t); M(AX; AX; Z; 1);
M(By; By; z; t);M(Ax;By; z; t);M(Ax;By; z; )}>0

¢ {M(AX; By; z; t);M(Ax;By; z; 1); 1; 1;M(Ax;By;
z; 1);M(Ax;By; z; 1)} >0

In view of ® we get Ax = By. That is Ax = Sx =
By = Ty.

Suppose that there is another point w € X
such that Aw = Sw then by (i) we have Aw = Sw =
By =Ty: SoAx =Aw and w =Ax = Sx is the unique
point of coincidence of Aand S. By lemma(2.14)
w is a common fixed point of Aand S.

And suppose that there is another pointu € X
such that Bu = Tu then by (1) we have Ax = Sx =
Bu =Tu. So By =Bu and u =By =Ty is the unique
point of coincidence of B and T. By lemma(2.14)
u is a common fixed point of Band T.

Assume that w = u we have
¢ {M(Aw;Bu; z; t);M(Sw; Tu; z; t);M(Sw;Aw; z;
t);
M(Tu;Bu; z; t);M(Aw; Tu; z; t);M(Sw;Bu; z; t)>0
¢ {M(w; u; z; t);M(w; u; z; t);M(w;w; z; t);
M(u; u; z; t);M(w; u; z; t);M(w; u; z; t)} >0
¢ {M(w; u; z; t);M(w; u; z; t); 1; 1;M(w; u; z;
t);M(w; u; z; 1)} >0

In view of ® we get w = u. By lemma(2.14) z
is a common fixed pointof A;B; Sand T.

To prove the uniqueness:

Let w,; w, be two common fixed points of A;B;
SandT.

Assume that w, = w,,.

AM(Aw1; Bw2; z; t); M(Sw1; Tw2; z; t);
M(Sw1;Aw1; z; t);

M(Tw2;Bw2; z; t);M(Aw1; Tw2; z; t); M(Sw1;
Bw2; z; 1)} >0
¢ {M(w;w,; z; t);M(w,;w,; z; t); M(w1;w1; z; t);
M(w2;w2; z; t);M(w,;w,; z; t);M(w,;w,; z; t)}>0
¢ {M(w,;w,; Z; t);M(w;w,,; z; 1); 1; 1;M(w,;w,;
z; t);M(w;w,; z; 1)} = 0
Therefore we getw, = w,,.
Theorem 3.3: Let (X; M; *) be a fuzzy 2-metric

space with * continuous tnorm. LetA;B; f; S; T; g
be six self mappings of X satisfying

1. The pair (A; S); (B; T) and (f; g) be owc.

2. For some ¢ € ® and for all x; y; z € X and
every t > 0; ¢ {M(Ax;By; fz; t);M(Sx; Ty; gz; t);
M(AX; Sx; fz; t);

M(Ty;By; gz; t);M(AX; Ty; fz; t);M(Sx;By; gz; t)}
>0.

then there exist a unique point w € X such that

Aw = Sw =w and a unique point z € X such that

Bz =Tz =zand a unique point v e X such that fv

= gv = V: Moreover w = z = v; so that there is a

unique common fixed point of A; B; f; S; Tand g:

Proof: Let the pairs {A,S}; {B,T} and {f, g} and ff;

gg be owc.

So there are points x; y; z € X such that Ax =
Sx and By =Ty and fz = gz:

We claim that Ax = By = fz: If not, by inequality
(2),
#{M(Ax;By; fz; t);M(Sx; Ty; gz; t);M(Ax; Sx; fz;
t);
M(Ty;By; gz; t);M(Ax; Ty; fz; t);M(Sx;By; gz; t)}
>0
¢ {M(Ax;By; fz; 1);M(Ax;BYy; fz; t);M(AX; Ax; fz;
t);
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M(By;By; fz; t);M(Ax;By; fz; t);M(Ax;By; fz; t)}>0.

¢ {M(Ax;By; fz; t);M(Ax;By; fz; t); 1; 1;M(Ax;By;
fz; t);M(Ax;By; fz; 1)} >0

In view of ® we get Ax = By = fz. That isAx =
Sx = By = Ty = fz = gz. Suppose that there is
another point w € X such that Aw = Sw then by
(1) we have

Aw = Sw =By =Ty =fz=gz: SoAx =Aw and
w =Ax = Sx is the unique point of coincidence of
A and S: By lemma(2.14) w is the only common
fixed point of Aand S.

Suppose that there is another point u € X such
that Bu = Tu then by (i) we have Ax = Sx = Bu =
Tu=fz=gz: So By =Buand u=By=Tyis the
unique point of coincidence of B and T. By
lemma(2.14) u is the only common fixed point of
B and T. And suppose that there is another point
v € X such that fv = gv then by (i) we have Ax =
Sx=By=Ty=fv=gv.Sofz=fvandv=fz=gz
is the unique point of coincidence of f and g. By
lemma(2.14) v is the only common fixed point of
f and g. Assume that w # u = v we have

¢ {M(Aw;Bu; fv; t);M(Sw; Tu; gv; t);M(Sw;Aw;
fv; 1);

M(Tu;Bu; gv; t);M(Aw; Tu; fv; t);M(Sw;Bu; gv;
t)>0

¢ {M(w; u; v; t);M(w; u; v; t);M(w;w; v; t);

M(u; u; v; t);M(w; u; v; t);M(w; u; v; 1) >0

¢ {M(w; u; v; t);M(w; u; v; t); 1; 1;M(w; u; v;
t);M(w; u; v; 1)} >0

In view of ® we getw =u =v. By lemma(2.14)
w is a common fixed point of A;B; f; S; T and g.

To prove the uniqueness: Let w,;w, be two
common fixed points of A;B; f; S; Tand g. Assume
thatw, = w,:

¢ {M(Aw,;Bw,; v; t);M(Sw,; Tw,; v; t); M(Sw1,
Aw1; v; t);

M(Tw2;Bw2;v;t);M(Aw,;Tw,; v; t); M(Sw,;Bw,;
v;t)> 0

¢ {M(w;w,; v; t);M(w;w,; v; t);M(w1;w1; v; t);

M(w,;w,; v; t);M(w,;w,; v; t);M(w,;w,; v; 1)} > 0

P {M(w;w,; v; t;M(w;w,; v; 1); 15 1 M(w;w,,; v;
t);M(w,;w,; v; 1)} > 0.

Therefore we getw, = w,,

REFERENCES

1. Badard R (1984), “Fixed point theorems for
fuzzy numbers”, Fuzzy sets and systems,
Vol. 13, pp. 291-302.

2. Bose B K and Sahani D (1984), “Fuzzy
mappings and fixed point theorems”, Fuzzy
sets and Systems, Vol. 21: pp. 53-58.

3. Butnariu D (1982), “Fixed point for fuzzy
mappings”, Fuzzy sets and Systems, Vol.
7, pp- 191-207.

4. Chang S S (1985)," Fixed point theorems
for fuzzy mappings”, Fuzzy Sets and
Systems, Vol. 17, pp. 181-187.

5. ChangeSS,ChoYJ,LeeBSandLeeGM
(1997), “Fixed degree and fixed point
theorems for fuzzy mappings”, Fuzzy Sets
and Systems, Vol. 87, pp. 325-334.

6. Change S S,ChoYJ,LeeB S, JunedS
and Kang S M (1997), “Coincidence point
and minimization theorems in fuzzy metric
spaces”, Fuzzy Sets and Systems, Vol. 88,
No. 1, pp. 119-128.

7. Cho Y J (1997), “Fixed points and fuzzy
metric spaces”, J. Fuzzy Math., Vol. 5, No.
4, pp. 949-962.

This article can be downloaded from http://www.ijerst.com/currentissue.php



Int. J. Engg. Res. & Sci. & Tech. 2014

R Krishnakumar and P Parakath Nisha Bagam, 2014

10.

1.

12.

Cho S H (2006), “On common xed points in fuzzy
metric spaces”, Intemational Mathematical
Forum,\Vol.1,No. 10, pp.471-479.

Deng Z (1982), “Fuzzy pseudo-metric
space”, J. Math. Anal. Appl., Vol. 86, pp. 74-
95.

Ekland | and Gahler S (1988), “Basic notions
for fuzzy topology”, Fuzzy Sets and System,
Vol. 26, pp. 336-356.

Gahler S (1983), “2-metric spaces and
topological structure”, Math. Nachr., Vol. 26,
pp. 115-148.

George A and Veeramani P (1994), “On
some results in fuzzy metric spaces”, Fuzzy
Sets and Systems, Vol. 64, pp. 395-399.

13.

14.

15.

16.

Grabiec M (1988), “Fixed points in fuzzy
metric space”, Fuzzy Sets and Systems,
Vol. 27, pp. 385-389.

Hadzic O and Pap E (2001), Fixed point
theory in probabilistic metric spaces, Kluwer
Academic Publishers, Dordrecht.

Krishnakumar R and Marudai M (2011),
“Common Fixed Point of Mean Non-
expansive mappings in Banach Spaces “,
International Journal of Mathematics and
Engineering with Computers, Vol. 2, No. 1,
pp. 51-56, 2011.

Klement E P, Mesiar R and Pap E (2000),
Triangular Norm, Kluwer Academic
Publishers.

This article can be downloaded from http://www.ijerst.com/currentissue.php

35



International Journal of Engineering Research and Science & Technology

Hyderabad, INDIA. Ph: +91-09441351700, 09059645577
E-mail: editorijlerst(@gmail.com or editor(@jijerst.com
Website: www.ijerst.com

ISSN 2319-5991

‘| “|‘ “H |
9 "772319%5598001 ““‘”






